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Al.

A2,

A3.

(a) Define filtration. [2]
(b) Let {F;}ier be a family of o—algebras on 2. Prove that
F= ﬂ{]:z}aer

is again a o—algebra. [6]

(¢) Solve the following stochastic differential equation, where X is the mean-reverting
Ornstein-Uhlenbeck process,

dX; = (m — X,)dt + odBy,

where m, o are real constants and B; € R. 5]
(d) Let u be a measure defined on a o—algebra F. Show that if A,B ¢ Fand AC B
with p(B) < +oc, then p(A) < p(B). 4]

(e) By using Ito’s formula, show that

¢ ¢
Zy = exp [f B(s,w)dB, — 1/ Gg(s,w)ds]
: 0 2 Jo

is a martingale. 18]

(a) State the properties of the Ito integral. 4]
(b) Assuming By = 0, prove that

; 1 1
B.dB, = =B;* — -t.
fa d 2% 3
[6]
(¢) State and prove the Martingale Representation ‘Theorem. [15]
{a) Check whether the process
Xt = Bt -} 4t
is a martingale with respect to {F;}. 4]
(b) Solve
(i) dXy = rXidt + X, (z oakdBk(t)) ; X >0, (5]
k=1 .
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A4. Suppose the biomass of a forest at time ¢ is given by

AB.

X (t) = pdt + odB(t) + 6 / Fi(dt, dz), X(0) >0,
R

where p > 0,6 > 0,0 > 0 are constants and we assume that z < 0 as.v. At fimes
0 <7 < T < 7y < .. we decide to cut down the forest and replant it, with the
cost ¢+ X(7,7) with X{r,”) = X(n")AnX(7;) where c > 0, € [0,1] are constants
and AyX(7) is the jump in X at 7, coming from the jump in N(7,.) only, and not
from the intervention. Find the sequence of stopping times v = (7,73, 7, ...) Which
maximizes the expected total dicounted net profit J¥(s,z) given by

J(s,z) = E* i e PN X (7,7) — € — A X (1,7))

where p > 0 is a given discounting exponent. [25]
Find a stopping time 7 that maximizes

B e (X, — a)] = B®Vg(r, X)),

where g(t,£) = e 7 (£ — a). [25]

END OF QUESTION PAPER
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