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A1. (a) For any € > 0, give an example of an irreducible Markov chain on a countably

infinite state space, such that |pi - pik| ≤ e for all states i; j and k. [10]

(b) Given Markov chain transition probabilities {Pijijes on a state space S, call a
subset CCS closed if Ejec Pij = 1 for each i € C. Prove that a Markov chain

is irreducible if and only if it has no closed subsets (aside from the empty set and

S itself). [15]

A2. (a) Suppose N = {1,2,3} and F is a collection of all subsets of N. Find (with proof),

the necessary and sufficient conditions on the real numbers x, y and z such that
there exists a countably additive probability measure P on F, with x = P{1,2},

y = P{2,3} and z = P{1,3}. [5]

(b) Suppose that n = N, and P is defined for all ACN by P(A) = |A| if A is finite
(where A is the number of elements in the subset A) and P(A) = o∞ if A is

infinite. This P is of course not a probability measure (in fact it is a counting

measure), however we can still ask the following.

(c)

(i) Is P infinitely additive?

(ii) Is P countably additive?

[5]

[5]

Let F1; F2;... be a sequence of collections of subsets of such that Fn C Fn+1

for each n.

(i) Suppose that each F; is an algebra. Prove that UF; is also an algebra. [5]

(ii) Suppose that each F; is a o-algebra. Show (by counter example) that UF

might not be a o-algebra. [5]

А3. (a) Consider infinite, independent, fair coin tossing, and let Hn be the event that the

nth coin is head. Determine the following probabilities.

(i) P( Hn+i i.o),

(ii) P( Hn+i i.0),

(iii) P(2lo2n Hnti i.o),

(iv) P(lo2n Hn4i i.o),

(b) Suppose {An} A. Let f : N→R be any function. Prove that

lim inf f(w) = inf f(w).
noo wEAn WEA

[3]
4

[4]

[4]

[10]

A4. Consider the Markov chain with state space S = {1,2,3} and transition probabilities

P12= P23 = p31 = 1. Let A1 = N2 = K3 =

(a) Determine whether or not the chain is irreducible. [5]
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(b) Determine whether or not the chain is aperiodic.

(c) Determine whether or not the chain is reversible with respect to {π;}.

(d) Determine whether or not {w} is a stationary distribution.

(e) Determine whether or not

(2)

lim p = π1.11
no

[5)

[5]

[5]

[5]

A5. (a) Give (with proof) an example of two discrete random variables having the same

mean and the same variance, but which are not identically distributed. ]6[

(b) Prove that if {Xn} converges to X almost surely, then for each e > 0 we have

P(X- X| ≥ €i : 0 :) = 0). [6]

(c) Compute E(X); E(X2) and V ar(X), where the law of X is given by

[5](i) C(X) =1+A, where A is Lebesgue measure on [0, 1].

(ii) L(X) =82+HN, where N is the standard normal distribution N(0;1). [5]

END OF QUESTION PAPER
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