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INSTRUCTIONS

Answer all questions in Section A and any two questions in Section B




SECTION A: Answer all questions (60 marks)

I (a) Explain what is meant by saying a set F in R" is:

(1) opern, [3]
(i1) closed, [2]
(iii) bounded, and [3]

(iv} compact. (3]

(b) Prove that the union of any two closed sets in R" is closed in R" [4]
(¢). Without proving, state Bolzano-Weiersterass theorem for infinite sets. (3]

2. If A, B and C are any sets, prove the De Morgan’s law: A- (BUC) = (A-B)N(A-C). [4]

3 (a) Using the axioms of a fieid, show that fora, b€ R

(i) a(-b) = - (ab), 12]
{ii) (- a)(-b) = ab. 2]
4 (a) State and prove the Archimedean Property [6]
{(b) Hence or otherwise state the Supremum Property of R. [2]
(¢) Prove that if x € R then there is a natural number n € N such that x < n. [5]

5 (2) Given that f: A > B and g: B~ C, prove that if f and g are [-1(one to one) functions, then g
ofisal-1 function. [3]

(b) Give sufficient conditions for a function to have an mnverse. [2]

6 (a) Define a countable set. [3]



(b) Prove that the union of a countable collection of countable sets is countable, [5]
(¢) Prove that in a field F the additive identity and the multiplicative inverse are unique. [4;4]

SECTION B

Answer any two questions. Each question carries 20 marks.

7 (a) Define a Cauchy sequence in R" [2]
Hence state the Cauchy Convergence Criterion [3]
(b) Define the limit of a sequence {Xa}. (2]
{c) Prove that {x,} can have at most one limit. [7]

(d) Prove that if {x,} is a convergent sequence of real numbers, then the sequence {Xn} is
bounded. (6]

8 (a) Let £ (x) be a continuous function of [a,b]. Define the following:

(i) A partition P of [a,b] | 2]

(1) The Riemann upper integral of f on [a,b] [4]
(ii1) The Riemann lower integral bf fon [a,b} 4]
(iv) When is f Riemann Integral? 2]
x2if x#2
(b (i) fix)= 0if x =2

Is f{x) continuous at x =27 2]



(ii) Let f be a function defined on (a,b) and suppose T is differentiable at ¢ € (a, b). Prove that
fis continuous at ¢ . (6]

9 (a) Let f{x) = | x |
(i) Show that f'is not differentiable at (0,0). [4]

(i) What conclusion can you draw from (i)? (2]

(b) Let T be a function defined on (a, b) and suppose fis differentiable at ¢ € (a, b).
Prove that f'is continuous at c. [8]

(c) Hence state and prove the Mean Value Theorem for a real continuous function f defined on
the interval (a, b).- : [6]
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