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SECTION A

Al. Consider the gambling policies model, with p = %; a==60and ¢=28.

(a) Compute the probability s.,(a) that the player will win (i.e. hit ¢ before hitting
0) if they bet T Dollar each time(that is, if W, =1). [5]

(b) Compute the probability that the player will win if they bet 2 Dollars each time
(i.e. if W, =2). 5]

(c) Compute the probability that the player will win if they employ the strategy of
Bold play(i.e., if W,, =min{ X, 1;¢— Xp1)). [10]

A2. (a) For any ¢ > 0, give an example of an irreducible Markov chain on a countably
infinite state space, such that {p;; — pi| < € for all states 4; 7 and £. [9]

(b) Given Markov chain transition probabilities {Fj;};es on a state space S, call a
subset C' C S closed if % jec Pij = 1 for each i € C. Prove that a Markov chain
is irreducible if and only if it has no closed subsets (aside from the empty set and
S itgelf). [11]

SECTION B

B3. (a) Consider infinite, independent, fair coin tossing, and let H, be the event that the
nt* coin is head. Determine the following probabilities.

() P, Huys i.0), [4]
(it) P(Mizy Hoyi i-0), [5]
(iii) P(NEF®" Hass 1.0), 5]
(iv) PO Hyys i0). B
(b) Suppose {A,} 7 A. Let f: £ — R be any function. Prove that
i, 2, 1) = R 7).
[11]

B4. Let f(z) = aa® + bz + ¢ be a second degree polynomial function {where a,b,c € ¥t are
constants).

(a) Find necessary and sufficient conditions on a,b and ¢ such that the equation
E(f(aX)) = o?E(f(X)) holds for all @ € ® and all random variables X. [9]

(b) Find necessary and sufficient conditions on a,b and ¢ such that the equation
E{f(X)) = E(f(X — B)) holds for all # € ® and all random variables X. 9]

page 1 of 2




(c) Do parts (a) and (b) account for the properties of the variance function? Ex-
plain. [12]

Bb. Consider the Markov chain with state space S = {1,2,3} and transition probabilities
Prp = Pos = par = 1. Let m = my = 73 = 3.

(a) Determine whether or not the chain is irreducible. [6]
(b) Determine whether or not the chain is aperiodic. [6]
(¢} Determine whether or not the chain is reversible with respect to {m;}. 16]
(d) Determine whether or not {m;} is a stationary distribution. [6]

(e) Determine whether or not

lim p{7 = .
nmseo? 1l =

END OF QUESTION PAPER
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