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SECTION A

Al. Let f(z,y) = e™sin(z +y).

(a) In what direction, starting at (0, %), is f changing the fastest? 5]
(b} In what directions starting at (0, %) is f changing at 50% of its maximum rate? [7]
(c) Let ¢(t) be a flow line of F = Vf with ¢(0) = (0,%). Calculate 4 [f(c(t))],—p- [3]
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A2. Let f: R* — R? be a given mapping and write
f($) Y, z) = (‘U.(LL‘, Y, Z)) v(:v,y, Z), 'LU(:E} Y, Z))
Let g : B* — R? be defined by

g(u,v,w) = (uwv,u+w,w+v) and let h = go f.

(a) Write a formula for the derivative matrix Dh. 4]
(b) Show that DA cannot have rank 3 at any point (x, v, 2). 3]
(c) Show that Dh has an eigenvalue zero at every {z,y, z). [2]

A3. Extremize f(z,y,2) = x subject to the constraints 22 +3>+2? = 1 and z+y+2 = 1. [9]

A4. (a) Evaluate

//fD expl(z® +y* + 2°) % |dadydz

where D is the region defined by 1 < 2?4+ 4%+ 22 < 2 and z > 0. 4]

(b) Sketch or describe the region of integration for

1 x Y
f / f f(z,y, z)dzdydz,
o Jo Jo

and interchange the order to dydzdz. [3]
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SECTION B

Answer ANY TWO questions [60 MARKS)]
B5. Let G(z,y) = (ze® 1" 4 21)i + (ye='+¥* 4 12)j.

{a) Show that G = VT for some f; find such an f. [10]

(b) Use (a) to show that the line integral of G around the edge of the triangle with
vertices (0,0), (0,1), (1,0) is zero. [10]

(c) State Green’s theorem for the triangle in (b) and a vector field F and verify it for
the vector field G above. [10]

B6. Let W be the three dimensional region under the graph of f(z, y) = exp(z® 4+ y?)
and over the region in the plane defined by 1 < 22 + % < 2.

(a) Find the volume of W, [13]
(b) Find the flux of the vector field F = (22 — zy)i — yj + yzk out of the region
W. [17]

B7. Let C be the curve 22 + 3 = 1 lying in the plane z = 1. Let F = (z — y)+yj.
(a) Calculate V x F. |6]
(b) Calculate f,F.ds using a parametrization of ' and a chosen orientation for
C. 8]
(c) Write C' = 8S for a suitably chosen surface S and, applying Stokes’s theorem,
verify your answer in {b). 8]

(d) Consider the sphere with radius v/2 and center the origin. Let S’ be the part
of the sphere that is above the curve (i.e., lies in the region z > 1), and has
C as boundary. Evaluate the surface integral of V x F over & specify the
orientation you are using for 8'. 8]

END OF QUESTION PAPER
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